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I .  INTRODUCTION 


The  Parisi-Wu  program  of . stochastic  quantization  [8]  involves  con- 

struction  of  a  stochastic  process  which  has  a  prescribed  Euclidean  quan--: 

turn  field  measure  as  its  invariant  measure.  This  program  V7as  rigorously. 

-- — carried  out  for  a  finite  volum.e  (c**)  measure  bv  G.  Jona-Lasinio  and  - 

2 

_  P.  K.  Mitter  in  [6].  These  results  .^'ere  extended  in  [2]  ,  'which  also 

proves  a  finite  to  infinite  volume  limit  theorem.  The  aim  of  this  note 

L _ is  to  prove  a  related  limit  theorem.,  viz.,  that  of  the  finite  dimensi-  — li' 

onal  orocesses  obtained  by  stochastic  cuantization  of  the  lattice  (6^) 

.  2  .  ...ig 

fields  to  therr  continuum  limit,  x.e.,  the  (c  )  orocess  cf  [2],  [6]. 

2  ‘ 

_ The  proof  im.itates  that  of  the  limit  theorem  of  [2]  in  broad  term.s,  _ hZ 

though  the  technical  details  differ.  Note  that  this  limit  theorem  can 

also  be  construed  as  an  alternative  construction  of  the  (c^)  orocess 

2  ‘ 

in  finite  volume .  _ ^ 

The  next  section  recalls  the  finite  volume  orocess.  Section 

=1 _  2  '  — 

III  summarizes  the  relevant  facts  about  the  lattice  apprcxim.ation  to 

12 _ the  (9^)  field  from  Sections  9.5  and  9.5  cf  [4].  Section  IV  oro\*es  _ 21 

2  .  .  - 
1  j  jr> T  ^ 
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.....5,  ^Cr  i»wi  tc»Vc  ouutlfOiiai  n'laiOFriS  ifiaic^e  ihsr  t.aTttc.  ! 


II.  THE  ((})'*)  PROCESS 
2 


Let  Ac be  a  fiijili^tf^.ctenglej^whichgpfor  simplicity,  we  take  to _ 2 

be  the  tinxt  ciibe  x  =  (xe^  ■  xrc):lo_^r»s>  cxnt^eli  r-eLet  A  denote  the  Dixichlet  ■==- 
ops^stoir  on  A.  It  is  dxagonalized  by  the  basis  ^  (x)  =  2  ^ 


sin  (k^x^O  sin  (k^x^)  ,  x  =  (x.^ ,  x^)  ,  ke3  =  .  {  (k^  ,  ^,)r^-=  n>l. 


i  -  1,  2f  ,  In  fact,  -  A e  =  k"  e  where  k  =  k^  +  k^.  Fcr  ceR,  let  H 

,  -fv  2  12 

denote  the  Hilbert  space  obtained  by  completing  -D  (A)  v;ith  resoect 
to  the  inner  product 

■  <  f-,  9  >, 


a 


=  E 

ke3 


(k^)“  <f,  ej,>  <g,  ej^> 


where  <*,*  >  is  the  scalar  procuct.  Topologize  Q=UH*^  the  countable 

family  of  semunorms  ir-!L=  and  Q'=U'h”“  via“  duality. 

“  ■  Cl  ■  _ V 

^  “  (-A+1)  C(*,  •)  its  integral  kernel,  its  a-th 

operator  power,  and  the  centered  Gaussian  measure  cn  with  co-  - 

variance  C  [2],  [6].  Let  ♦  •  denote  the  Wick  ordering  -with  resoect  to 
C  (see  [4]  ,  Ch.  8/.  ror  a  derinioxon)  .  The  (4>**)  measure  on  H  ^  is 
defined  by  _ 1- 

du 


V7here 


apc 


Z  = 


exp  (-  - 


:  c :  dx  )  /  z 


12. ij 


exp  (  -  — 


A  . 


A 


I  ;  dx)  dy^  <»  . 


See  [4],  Section  8.6,  for  details. 


Let  ‘C'<e  <1  and  B,  ( • )  ,  keS, 


^k  *■  '  '  ^  collection  of  independent  standard 

Brownian  motions .  Define 


vnt)  =  y,  (k") 


(1-e)/2 


ksB 


S-^(t)  e^(.),  t>0. 


^  ^-valued  Wiener  process  with  covariance  C'"^  [2],  [6]'. 

The  ecuation 


d(f,(t)  (c  (^(t)  +  cl..":4>Mt):.)  dt  t  dwct). 


[2.2], 


31  can  be  shown  to  have 


a  unxcue  stationary  weak  solu¬ 


tion,  as.  an.  -valued  process ,. defining  an  ergodic  process  called  the 
process.  See  12]  ,  [6]  for  details. 


r.lcoh  Ir:;' 


— Begin  text  of  secons  ana  suaceeaing  pace?  nere.  Dc  leave  aoc.'tior.s:  ma-c-r.s  insiae  the  •^6r>-‘e, 


.III.  LATTICE  APPROXIMATION 


5  Let  A  =  12  ,  ri  and  pick  6eA.  ,  The  finite  lattice  A.  with  spacing 

-  Cnacier  nes.t.'tcs  {'no'^rnrarns^/  ®  - 

6  is  defined  as  follows :.|^,Let.6  Zt  =  |6^z jz  eZf  f;.,  _i^,_Ag=  int  AHfiz^, 

- — 3Af16Z^,  A^  =  int- Aj  U  =  ATI  fiZ^.  £.2  (int  A. ) -is  the  Hilbert  space  with  ~ 

inner  product 


<f , f  >  .  ,  , 
intA, 


=  E 


xeint  A, 


6^1f{X)j2  , 


i  viewed  as  a  subspace  of  •  Oti  £2(6Z2)  ,  define  the  forward  gradient 

— in  direction  a  by  (3.  f)  (x)=6  ^If(x+dp  )  -f{x)]  where  u  is  the 
-  6,  a  a  a 

■r  unit  vector  in  the  a  -th  direction  for  a=  1,2.  The  backward  gradient 

— ^  *  ...  7 , 

•  3g  ^  is  its  adjoint  with  respect  to  the  £,2(^2^)  inner  product. 

Let  “■^5=35^1  ^5^1  "^^6,2  ®6,2'  "^hen  (A^f)  (x)  =  6  2(_42(x)  -  X^r(y)) 

where  the  summation  is  over  the  nearest  neighbours  of  x.  Let  n  be  the 
oroiection  £9  (6  Z^ ) -^£7  (int  .A.).  The  Dirichlet  difference  Lanlacian  A. 
is  defined  as  H  n  and  agrees  w^ith  on  int  A^. 

Choose  as  a  basis  on  £  (int  A.)  the  (6  "^-l)^  functions 
—  |e°  (x )  =  ^  (x )  1  xe  int  A.  ,  k^=ir,2Tr,..,.  ,(6*^-1)";  a  =  l,2}, 

- — Lemma  3 . 1  ([4],  p.  221)  | }  diagonalize  -A.  v.-ith 

=-  -  4 4'.  4=  E  • 


0 


_  0  5 

-iiiso,  ej,>. 


£  int  A 


i=l 

=  1  if  k  =  £,=0  otherwise 


' •'  '  Lemma'  2. 2  (.[4.]  ,  p.  222).  The  map  i.^  e^-i-ej^  defines  an  isometric  inibs 


d- 


ding-  of- £  (.int  A.)  -1-  L  (A)  . 

.  2  o  2 

Let  n.  be  the  projection  ooerator  on  L  (A)  which  truncates  the 
0  *  2 

-Fourier  series  at  k^/ir  =  6  ^ 


n 


,  so  -.nat 

d  - 


-  “k®k  where  ^  denotes  the  summation  over 


3.  =  |.k=(k.  k^)|_  !<  TPk.  <  0^-1,.  i=l,2}..-  Then  i-f  =  H-: 


consider  C.=  (-A .  t  1)  ^  :  £  (int  A..)  £  (intA.)  a's  "an  ooerator  on  L  (A), 

00  2  0  2  0^-  “  2 

-via  the  above  isometry,  i.e.,  let  C.  =  i.C.i\.  where  the  C.  on  the  righ-t^-' 
(resp.lext)  acts  on  £2  (int  A.)(resp.L2(A).).A.s  an  operator  cnL2(A),  its  kernel 
is  C.(x,y)  =  1 )~- e^  (X )  e^ (y )  , 


'^0 


l'7e 


_-which  v.-hen  restricted  to 
the  matrix  entries  of  C.  as  an  oneratcr  on  £2  (int  A.). 


ne  lattice  ‘joints  in  int  A.,  coin 

o 


les  -wi-; 


jemma  3.3  ([4],  po.  222-224)  !|  C r  !!  <  (0  0^)  as  ooerators  on  L  (-A), 

-  ' '  0  ' '  =  -  2 


-Moreover, -  sun-  j j  C-  (x, • ) 
■xsA  ° 


4"' 


<  0  { 0  “■ )  for  a  <  ( 2p  * ,  1 )  . 


)- 


— fcesin  text  ot  se^ona  ana  succeeaing  pages  nere.  Ho  NUT  leave  acditiona:  mar?;ns  inssae  the  rrame. 

If  (j)  is  a  Gaussian  field  with  covariance  C/  (x)  = 

*xe  int  A.  defines  a  Gaussian  lattice  field  with  covariance  Cr.  =  i-Ci-ir  . 

The  field  <()-,  can  be  realized' by  a  Gaussian  measur^dh  L  . 

^  jl  ■  p:er 'leacings  imonograun?'/  2 

Explicitly,  letting  „  .  •  ,v.d(fi,.(x),^.denote'^.gthe^Lebesgue  measure  on 

I  4  -^4.  A  '  1  iHU-  Ag'  ''-■‘Oi  .  Iwi  w 


-R 


int  A 


,  the  above-  measure-  is  given  by 

J 


j  .  / '  a.  rh  -  i  int  A 

dpj  C=  (cetCg)  IT  ' 


This  is  the  lattice  analog  o: 


C* 


n  d4)g  (x) . 

x 

The  lattice  analog  of  y  can 


r  now  be  defined  as  follows:  Define  for  f  e  £2  (int  Ag) , 


:<Pg:  (f) 


^n 


X£  int  A, 


:  (x)  f  (x) 


f  x^ys  int  4  <^6 


The  lattice  analog  is  given  by 

dy.  =  exp  {x):,(l))dy 


oC 


exp  (--i  :  6j:.(l)  dy^(,)  [3.1]- 


For  k  e  3g  ,  iet|£j^(*)}  be  a  collection  of  independent  standard 
'Brownian  motions.  For  0  <  e  <1,  define 


.  (t)  =6"  (i“j.  +  i) 


-  (l-e)/2 


6j^(t)  ej^(* )  ,  t  ^0. 


This  defines  an  L  (A>-valued  Wiener  nrocess  with  covariance  ^  .  The 

2  •  "■  0 

analog  of  [2.2]  in  the  lattice  case  is 


ddig  (t) 


"  (Ce  ^ 


©J  (t)  4)  dt  +  d3^  (t) 


2  .  u.  .  y .g 

-V7here  the  operators  act  on  L  (A). 6-  {•)  is  viewed  here  as  an  ! 

20.,  2 


[3.2] 

(A)  -valued _ 1? 

process.  Hov.-ever,  letting  ig  (t)  =2°  translates  into 

an  equivalent  stochastic  differential  equation  for  finitely  many  scalar 
_processes  ©..  (•)  with  locally  Linschitz  (in  fact,  polynomial)  coeffici-  -7 
ents.  This  ensures  the  existence  of  an  a*s*  unique  strong  solution 
'to  [3.2]  up  to  an  explosion  time.  That  it  does  not  explode  a-s*  is 
_proved  by  a  standard  application  of  Khasminskii '  s  test  for  non-  . 

explosion  exactly. as  in  [G] ,  Section. 3. 

By  identifying  the  vector  ji.  (x)  ,  xc  int  A.}  with  4.  (•  )  E  £2  (int  A-)  , 

» ■  0  0 '  ’  -  0  0 

-y.  can  be  considered  as  a  probabilitv  measure-  on  £2  (int  A.  )•  and  via  the  _ ai 

isometry:  i-  /  =.3  a  nrobability  measure  on  L  (A),  We  retain- the  notation 

^  2  22 

y. for  the  latter  interpretation,  as  only  this  interpretation  will  be 

computation  similar  to  that  of  [2],  Section  3,  _ ^ 

rator  of  tne  Markov . process  described  by  [3.2]  is 

.)  .  By  Theorem  2.3  of  [3]  ,  the  same  holds  for  the 


usea 

nsncsj 

:or 

shov/S 

uhc.  u 

th' 

seif- 

adjoint 

assoc 

iated 

L-ir. 

Thus 

for  f, 

•'J 

Thus  for  f,g  £L^(yg),  J"  f  1  ^  g  dy^  =  J  (T^f  )  g  dy..  Letting  f(-)=  1, 

— J  J  5  '  implying  that  y.  is  an  invariant  probability  measure 


"2  0  ‘ 

(•)=  1, 


5" 


~  segtn  text  or  SEDonc  sr.r  s-c=es=;r.r  ;:sgss  ne'c.  U=  n  J'.  tszve  Ecoiiicns;  mrg-.s  ir.s.ze  tne  TrE-.t. 

for  In  fact,  the  resulting  process  will  be  ergodic.  We  won't 

heed  this  fact  here,  so  we  omit  the  details.  From  now  on,  [3.2]  will 
2 always  be  considered  with  , initial.,  law.  y,.  ^ 

«ICC,II::Lb  [Ti  0  "‘OCrcIO 

Ttfigo  f  s 

—  IV.  THE  CONTINUUM  LIMIT  ■ 


: -  This  section  establishes  the  main  result  of  this  paper,  viz.,  the_ 

_  convergence  of  4>g  (• )  to  the  process  asfi^o  in  A,  in  the  sense  of  weak 

.convergence  of  Q^-valued  processes.  Thus  v?e  consider  4^g(-)as  a  Q'-valued 
process  and  as.  a  measure,  on  Q-'via  the  injection  of  L2  t'U  into  Q'.  From' 

;  theorem  9. 6. 4, p. 228,  [4]  ,  it  follov/s  that  the  finite  dimensional  marginals  of  the 
collection  |!fig.(ej^)  ,  keB|  under  converge  weakly  to  the  corresponding 
_  ones  under  y  as  d-*-0  in  A-  Since  U  are  supported  on  ,  it  follows 
_that  weakly  as  probability  measures  on  Q^.  (A  proof  of  the 

■  iformer  assertion  would  go  as  follov.^s :  Since  is  Polish,  it  is  homeo- 
.  .|morphic  to  a  subset  of  [0,1]”  whose  closure  FT  ~  ^  can  be  considered 
■"a  compactification  of  H  ^  .  A.s  a  measure  on  H"”^,|yg[are  tight  and  for 

- — any  weak  limit  point  u  thereof,  its  restriction  u'  to  H~^must  yield  the _ 

same  finite  dimensional  marginals  for  |(fi  (e.J  ,  kcB}  as  y.  Thus  u=u^=y.) 

As  a  first  step  to'wards  proving  the  continuum  limit,  w-e  prove  some 
'2  tightness  results. 


Let 

^di 

d.  (t)  = 

0  2  2 

'^63 

^6, 


C. ^  6.  (s)  ds 
0  ■  0 

Cj"  (s)  ;  ds 


for  t  <  0.  Pick  t.  <t0in  [0,i],  «>T>0.  In  w'hat  follo-ws,  K  denot 
—  1  — "  2 


positive  constant  (not  alvvays  the  same)  that  may  depend  on  T,  but 
-on  6  -  Let  f  sQ 

_Lemma  4.1  (t)  (f )  dt) ']  <  k1  t -t  p 

•ti  2  ^ 

-Proof  Using  Jensen '  s  inequality  and  stationarity  of .  4^  { • )  ,,  one  ob 


.es  a 
not 

[4.1] 
tains  . 


C  "  4  (t)  (f)  dt)**]  <  K  1  w  -  „  , 
00  21 


E[lC^"4.  (0)  (f)  h. 


Letting  =  dy.. /du^,  the  ejmsectation  on  the  right  is  bounded  by 

[J|  C'S(f)r  <au-^(4)]^  [  J74  dy-^]"^  . 

1? _ 3y  Lemma  9.6.2,  p.  227,  [4],  the  second  term  above  is  bounded  uniformly 

in  6 .  Using  Feyrman  graph  calculations,  as  in  Theorem.  8.5.3,  p.. .191, 
[4],  one  has 


6? 


&cCOr*c  onCt  ZthL^  r-f* 

JiC~S(f)i*dp^r(<^>l*<  II 


^5C 


Now 


liC^''  f  -C"^f  jj  =  C^Bt6<f,  e^>‘  ((xl+.TJ^oMfkEBgf  -(Xj^+D^f . 

-The  sxuninand  on  the  right- can.  be^  dominated  _ in.,  absolute  value  by 
K  <  f,ej^>^  which  is  suinmable  for  feQ.  By  the  dominated  convergence 
theorem. 


lim  jl'Cg^f  -C"^f  1K=0, 


:  implying  sup 
—  6 

i  Lemma  4.2  E 


C“^fl|<».  [4.3]  follows. 


(fV, 


2 

-c 


(t)  :  (f)  dt)*^]  <  K|t^-tJ 


'-Z 


~  This  follov;s  along  similar  lines. 

T.  Lemma  4.3  E  [  (  {  (t^ )  (f )  -3^  (t, )  (f )  ]“  ]  <  K  it^-t^  P  . 

“  Proof  The  lefthand  side  ecuals 


3lC.^  (f,f)  )‘^  i  t,-t^  p  <  3  sxip  11  Cg 
of  Lemma  4.1,  one  can  prove 

lim  11  f  -C  f  11  =  0. 

6^0  _  "2 

Thus  suo  11 C,.^*  flL<"  the  claim  follov.’s.  QSD 

"  0  ‘  2 

Corollary  4.1  E  [  1  6  (t^)  (f )  -4)  (tj  )  (f )  ]“  <  Ki  t -t,  p  [4.4] 

Proof  Follows  from  [3.2]  and  [4.1]  --[4.3].  QED“ 

Lemma’  4.4  The  laws  of  the  orocesses  [A.  (•),  “ 

— — — *“  Oi  ‘02  '05  ‘0** 

viewed  as  (C(0,“);  Q' )  )  "^-valued  random  variables  remain  tight  as  0 
varies  over  A. 

Proof  By  Theorem  3.1  of  [7] ,  it  suffices  to  establish  the  tightness  — 

of  [*51  (•)  (f)  ,  {-)  (f)  ,  4>g3  (•  )  (f),  d).J-)(f)]  on  [0,T]  as 

(C([0,T];  R)) ''-valued  random  variables  fcr  arbitrary  T>0  and  fsQ. 

This,  however,  is  immediate  from  the  ticrhtness  of  |u-|  (since  _ 

_  1  '  ■  0  ^  0 

weakly  as  a  measure,  on  H~'),  the  estimates  [4.1] --[4.4]  and  the 

criterion  of  [1],  p.  95.  QED“ 


(l-C)/2  ^  2 


-2  '  ^ 


QED 

[4.2] 

[4.3] 

Ks  in  the  proof ~ 


Recall  that  a  family  of  probability  measures  on  a  product  of 
Polish  spaces  is  tight  if  and  only  if  its  images  under  projection  onto 
each  factor  space  are.  Letting  {e.. ;}  denote  an  enumeration  of  |  J  . 
-This  implies,  in  viev.’  of  the  foregoing,  that  [6.  (•)  (i"),- . . 

Cl  1 

^  ^  '  *51  ^ ^  . . f  )  (-2  ^  -  3)  . . 1  tight  as 

(C([0,“J;  R))”-valued  random  variables.  3y  dropping  to  a  subsequence 
.of-  A/  denoted  by  A  again,  we  may  assume  that,  they  converge  in  law  as 
5-^0  along  A.  Then  fcr  any  finite  subset  |t  ,...,tj  of  [0,-]  and  a 
.collection  |  g^  ,...,g,^^|.  of  finite  linear  combinations  of  |  e,.  |  ,  the 


tccfjrc  r;o;cc  tCirsr!icce:vorcruc«;fc  - 


-cc:urc  r.c:e;  iysfr.r  j-Lri* 


, - ^esin  T«ri  n-  cts-rjrjc  HTic.  prrer  ne'e.  i,*c  ’’■rj'i  le've  tcz~ior.z:  rr.zrzir.t  ir.t  z=  z~e  r“— e 

-^.joint  laws  of  -jcg.^  (t  ^ )  (g^)  ,  converge.  Consider  a 

- — collection  f  in  Q.  Using  the  kind  of  estimates  used  in  the 

proofs  of  Lemmas  4'.  1— 4-.  3  7~  we  have  ;  ; 


1^51  j  hr-e 

[4.5] 

Eli'sJt.)  (fj-gpPl  <  M|i  C-^(f.-g.)lf 

[4.6] 

(tj)  (fj  -gj)  r]  <  Mil  Cg  ^(fj "^j^S!2 

[4.7]' 

(tj)  (f  j  -gj)  p3  <  Mil  (f  j 

CO 

suitable  constant  M  depending  on  max  (t 

A.S  0  0  in  A ,  _ 

■’the  righthand  sides  of  [4.6]  -[4.8]  converge  to  the  corresponding  quan- 
^rtities  with  C  replacing  C..  Since  can  be  obtained  by  suitably  trun-"" 
■-eating  the  Fourier  series  of  f^  in  |e,.|  ,  each  of  these  limiting  expres- 
Isions  and  the  righthand  side  of  [4.5]  can  be  made  smaller  than  any  pre- 
scribed  n  >  0  uniformly  in  1  <_  j  <_k  by  a  suitable  choice  of  |gj|  .  It 
Tfollov7s  that  the  righthand  sides  of  [4.5]  -  [4.8]  can  be  made  smaller 
"'than  any  prescribed  ri  0  uniformly  in  5cA  and  l£j  5k  by  a  suitable 
— choice  of  |gj|. 

_  Let  |h^[  be  an  enumeration  of  finite  linear  combinations  of 

with  rational  coefficients.  By  a  well-known  theorem  of  Skorohod  ([5], 
“"p.  8)  ,  we  can  construct  on  some  probability  space  random  variables 
Y^j^,6sA,  l<i<4,  l<j<k,  £>1,  such  that  1X5. 


X..  , 

0x3  it 


acrees  in 


law  with  I  <[!.  .  (t . )  (hj,)|  for  each  fixed  6  and  X.  Y.  .  .  a-s*  as  6 -*■  0 

'in  A.  By  augmenting  this  probability  space,  if  necessary,  v.-e  may  con-  - 

struct  on  it  random  variables  Z..  .,  Co,i,j)  as  above,  such  -that  -the 
_  013 

joint  law  of  [©..  (t . )  (f  . )  /  6.  ■  (t . )  {h  },  e. .  (t . )  (h  )  ,  .  .  .  ]  agrees  with  that 

'ci  3  j  oi  3  i  'oi  3  2 

. 1  for  «ch  Since  X.,.j,- 

.  and  E  [  j  X;;,.  -nr]  =  ELjg. .  (t.)  (h-)j  ]  can  be  bounded  uniformly  in  0  'for  each 

hy  estimates  analogous  to  [4.5]  -  [4.3],  we  have  ^  M  Y^  j  £  1^] 

_ as  6 0  in  A  for  each  i,j,il.  On  the  other  hand,  given  n^O,  we  can 

pick  £(j),  l<j<k,  such  that  setting  g.  =  h„  .  in  [4.5]  -  [4.8]  makes 

_  j  '  j  i 

all  the  quantities  on  the  righthand  side  -there  less  than  t).  Thus 

—  lim  E[lZ.-.-'7  ..1^1  <  2n  —  i-’-n'Flx  -X  |2 , 

‘•‘  013  “an  ‘  -  h  ^  ‘ '^5'' -^£  fil  -  cY  iLfiy*  1  =  2n 

6,a-^0  o,a-0  x>.. 


o,aeA  6,asA 

1  niSHji  scrii2.2re  fex  i. 

the  3oint  laws  of  (f.),  l£il4,  1<  j  <k} 


:nver  ce . 


•^30*^  £in 


Thus  Z..  .  converae  in  m.ean  sauare  for  each  i,i  as  6  -»•  0  in  A.  xt  follows 
013  '  - 

.h=i.  .  __  .  ____ 

5.3,  [7],  now  imolies  that  [6.,  (•)/ . .  5.  (•)]  coni'erae  as 

_  -  -oi  '0- 

(C  ( [0 ,®]  ;  Q"' )) ’-'valued  random  variables.  Let  [®,  (*  )  ,  62  ^  ^  ^  ^ 


1*35  J_5.V7  * 


"l.i.l"'  henceforth )_.  By  taking- 


the  1 . i - 1 . 


an  appropriate  subsequenc 


in  [3.2]  along 


a 


Ui  - - -  sTiiu  i:=-c,  _-v  Iw:  ierrc  «r-J  Jiiiuric-  J:i<s- _-;::i,  i;rt::„-cr  irertrc. 


4)  (t)  =  C,  (0)  -i-  ^  (t)  a-s- 

i=2 


14.  aj 


Theorem  4.1  (fijC*)  is  t±ie_.{4i')2  process _ 

Proof  We  prove  the  theo^^|rfcV„^i^entx'fy^^^^  of  [4.9J.  Let  feQ.' 

-By  Jensen's  inequality  and  stationarity E[|  |''4!^(s)  (C~^f)dsl^r 
^65(s)(C^f)  dsf]  <  t  Erldg{0)(c"^f-C"^f)|2]'>-*  <  t  Kijc'^f  -C“^fli"  . 

t 2  _ 

The  righthand  side  tends  to  zero  as  o  -t-  0  by  arguments  similar  to  those 
employed  in  the  proof  of  Lemma  4.1.  Thus 

:  i-i-i-  (*)  ,  4)^2  -2  6,  (t)(f)) 

S  0  *  ' 

,  =  l.i.l  (6  .(*)/  (S)  ((l^f)ds) 

C 

=  l.i.l.  (6.(- )  ,  (s)  (c"^f)  ds) 

o  -  0  ^  ^ 


(-,(• )  /  J“6i 


is)  (C  ^f)  ds). 


It  follovjs  that 


E[ 


.r= 


b^{s):.  (C^  "f)  d. 


Gg  (s) (C'  ~f )  ds  i‘] 


6,(t)  (1)  -  j"  6-.  (s)  (C  ^f)  ds  a*s 
Similarly 

)  1  3  0  as  in  o  -*■  0  in  A,  by  arguments 

analogous  to  those  above.  Hence 

l.i.l.  (e.(-),  J^:e'(s):.  (d‘''f)ds)  =  (4^  ( • )  ,  -26^  (t)  (f ) ) 

(4>g(*),  j"  :i.is):^iC  "f )  ds)  [4.10] 


<  t  E  [j  :  4'g  (0)  :  iCl' 


=  l.i.l 
c-0 


jet  a  >  6  in  A.  Then 


n  [  i  I'"  :cj  (s)  (C  “f)  ds  - 


(s)  iC  ^f)  dsM 


<  t  E  rl  ;■  (0)  (C  “f-)  -;o*(0):(C*  "f)f]  <0(0?)  for 


—wd.  S  S  ull.  uS.JDx0 

5>0  uniformly  in  o'  as  o-^O,  by  virtue  of  (9.6.9),  p.  228,  [4].  Thus 


a  -  0 


side  of  [4.10] 

ecTuals 

l.i.l.  (4.{-),  ( 

r 

^  :4^  (s)  (c'" 

0  -  0  =  J 

a  0 

;  defined  by 

rv 

l.i.l.  (4  {• 
ct  -i-  0 

=  Y^  4,  (r)(e,J 

<e,,,  h>,  hsQ 

(s  )  !  (C  "f )  ds) 


r 


—Beam  text  ct  seaonc  ana  succeeamc  pa  res  nerc.  uc  lea  /e  scaa.cna;  rr^z’-gir.t  intic  c  tne  ‘ 
'The'  above  limit  equals 

(<}>; 


Thus 


(• )  ,  (s)  ;  (c'~''f)  ds) 

(t)  (f)  =  -  -f  I-'  :  4>5  (s) :  (c  f)  c 


_ 

ds  a*s* 


Finally,  it  is  easy  to  check  that  4>  (*)  will  be  a  V^iener  process  with 
.  covariance  C  .  Thus  4>j(*)  satisfies  [3.2]  with  initial  law  y.  By  the 

:  uniqueness  in  law  of  this  equation  (proved  in  [2],  Section  IV),  V7e  con- 
elude  that  is  the  {4>'*)2  process.  QED 


-  Corrollary  4.2  4)^  (•)  converge  in  law  to  <j)  (*  )  as  C(.[0,“];  □''-valued 

•random  variables  as  6-^-0  in  A,  as  defined  originally. 


-  Proof  A  careful  look  at  the  foregoing  shows  that  any  subsequence  of  A 
-will  have  a  further  subsequence  along  which  the  above  convergence  holds. 
T'  QED 
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